I extract classical real general relativity (all signatures) from complex general relativity by imposing the area metric reality constraint; the area metric is real iff a non-degenerate metric is real or imaginary. First I review the Plebanski theory of complex general relativity starting from a complex vectorial action. Then I modify the theory by adding a Lagrange multiplier to impose the area metric reality condition and derive classical real general relativity. I investigate two types of action: Complex and Real. (Half) All the non-trivial solutions of the theory with (real) complex action correspond to real general relativity. I give a general theorem that relates the area metric reality constraint to a general space-time metric of arbitrary rank in arbitrary dimensions.
In quantum theory Lie operators are fundamental. In general relativity bivectors (quantized) are isomorphic to the Lie algebra elements (operators) of the relevant gauge group. Using a bivector 2-form field instead of the space-time metric as a basic variable for general relativity began with Plebanski [1] during the late 1970's in the context of complex general relativity. Numerous developments have been made in classical and quantum general relativity following this, along different lines. Two of the main developments are 1) the state sum or spin foam models [2] of quantum general relativity which can be interpreted as the quantization using a discretized Plebanski action [3] , [4] 2) Classical and quantum canonical formalism with new variables [5] which can be interpreted as the canonical formalism associated with the self-dual Plebanski formalism [6] . These quantization ideas are examples of background independent quantization of general relativity 1 . Imposing reality constraint [8] is a non-trivial problem in canonical quantum general relativity. In fact many of the recent advances [9] in canonical quantum general relativity have been made by converting the complex formulation of the theory to a real formulation by transforming the configuration variable, a complex SL(2, C) connection, to the real SU (2) connection through a Legendre transformation [10] . I have shown in Ref. [11] that by imposing the constraint that squares of area of triangles to be real numbers on Barrett-Crane spin Foam Model for complex general relativity the spin foam models for all real general relativity theories can be deduced. This constraint can be imposed at the continuum classical level in complex general relativity by imposing the area metric to be real as will be discussed in this article. This article aims to develop a general foundation for classical real general relativity starting from classical complex general relativity using the reality constraint. I focus only on covariant formulations in this article. Since the area metric can be expressed as a function of a bivector 2-form field, this reality constraint can be naturally combined with Plebanski's theory. By doing do so Plebanski's philosophy of using bivector 2-forms instead of metric [1] for general relativity is advanced one step further.
Let briefly discuss the content and organization of this article. In section one of this article I review Plebanski's formulation [1] of complex general relativity starting from vectorial actions. I analyze the field equations of the this theory using spinorial expansions. This analysis is self-contained and explicit. In the appendix I have discussed the spinor expansion of a tensor with Riemann symmetric indices and the related ideas that are critical for interpreting the field equations. I define a complex action and real action. The analysis indicates both of them correspond to general relativity.
In the second section I introduce the reality constraint. The reality constraint imposes the area metric [12] expressed as a function of the bivector 2-form field to be real. I show that, after solving the Plebanski (simplicity) constraints, the area metric reality constraint requires the space-time metric to be real or imaginary for the non-denegerate case. I modify the vectorial Plebanski actions by adding a Lagrange multiplier to impose the reality constraint. For the complex action all the non-trivial solutions correspond to real general relativity. In case of real action I show that real general relativity emerges for non-degenerate metrics 1) if the metric is real and the signature type is Riemannian or Kleinien and 2) if the metric is imaginary and Lorentzian. In section three I discuss the Plebanski formalism with the reality constraint for the degenerate case briefly. In section four I discuss the Palatini formalism with the reality constraint. In section five I give a general theorem that relates the area metric reality constraint and a general space-time metric of arbitrary rank in arbitrary dimensions.
Complex General relativity
Plebanski's work [1] on complex general relativity presents a way of recasting general relativity in terms of bivector 2-form fields instead of tetrad fields [13] or space-time metrics. It helped to reformulate general relativity as a BF theory (a topological field theory) with a constraint (for example Reisenberger [12] ). Originally Plebanski's work was formulated using spinors instead of vectors. The vector version of the work has been used recently in the context of quantum Riemannian general relativity, for example [12] , [14] . Understanding the physics behind this theory simplifies with the use of spinors. Here I would like to review the Plebanski theory for a (complex) Euclidean general relativity starting from vectorial actions. Consider a four dimensional complex manifold M which contains a real four dimensional submanifold M r which is got by restricting the complex coordinates to the real ones. Let A be a SO(4, C) connection 1-form and B ij a complex bivector valued 2-form. Let me assume the fields are locally real analytic fields on the real manifold M r , and on M the fields are holomorphic functions of the complex coordinates which are analytic continuations from the real manifold.
I would like to the restrict myself to non-denegerate general relativity in this and the next section, by assuming b = 1 4 ǫ abcd B ab ∧ B cd = 0. Let F be the curvature 2-form of the connection A. Then I define a real continuum BF theory action for complex general relativity,
and a complex continuum BF theory actioñ
As action S BF uses only real part, this theory and theories based on variations of this action by additional terms (example general relativity) is spin foam quantizable along the lines of [4] , [11] . Similarly, the actionS BF is complex and is useful for doing canonical quantum gravity along the lines of Ashtekar formalism as will.S BF is a holomorphic functions of A and B ij .The Plebanski actions for complex general relativity is got by adding a constraint term to the BF theory. A simple way of writing the actions [12] is
and
and where φ is a complex tensor with the symmetries of the Riemann curvature tensor (or simply φ is Riemann symmetric) such that φ abcd ǫ abcd = 0. The b is inserted above to insure coordinate independence. The field equations corresponding to extrema of actionsS C and S C are
where D is the covariant derivative defined by connection A. Since the field equations for both actions are same they define the same theory classically. Let me first discuss the content of equation (5c) called the simplicity constraint. The B ab with vector indices suppressed can be expressed in spinorial form as
where the spinor B AB and BÁB are unrelated to each other. The tensor
has the symmetries of Riemann curvature tensor and its pseudoscalar component is zero. In appendix D the general ideas regarding spinorial expansion of a Riemann symmetric tensor have been summarized and some notations are defined. The decomposition of P abcd is given by
Therefore the spinorial equivalents of the equation (5c) are
AB + BÁB ∧ BÁB = 0 and
These equations have been analyzed by Plebanski [1] . The only difference between my work (also Reisenberger [12] ) and Plebanski's work is that I have spinorially decomposed on the coordinate indices of B instead of the vector indices but this does not prevent me from adapting Plebanski analysis of this equation as the algebra is the same. From Plebanski's work, I can conclude that the above equations imply
b where θ i a are a complex tetrad. The above equations are not modified by changing the signs of B AB or BÁB which is equivalent to replacing B ab by −B ab or ± 1 2 ǫ cd ab B cd which produce three more solution of the equation [14] , [12] . The four solutions and their physical nature were discussed in the context of Riemannian general relativity by Reisenberger [12] . The ± 1 2 ǫ cd ab B cd do not correspond to general relativity [14] , [12] .
It can be shown that equation (5a) is equivalent to the torsion zero condition (for a proof see footnote 7 in [12] ). Then A must be the complex Levi-Civita connection of the complex metric g ab = δ ij θ 
ǫ AB ǫĆD and (10)
where (9) and (11) 1 [12] , [14] .
The imposition of the simplicity constraint implies
b but it does not fix the metric a-priori. The metric is fixed by specifying a dual and anti-self dual split of the bivector 2-form field B ij ab [11] , [16] . If B + ab is considered as the self dual part (or anti-self dual part) of B ij ab then the metric (complex general relativity) can be calculated using a formula by Urbantke [17] , which is
where the spinorial indices are replaced by vector indices using the isomorphism between symmetric spinors and three vectors, 
Complex general relativity with the reality constraint
Now I would like to add a constraint term to the actions for complex general relativity to reduce complex general relativity to real general relativity. Consider the four dimensional Riemannian real general relativity where the bivector 2-form field B . Then the area metric [12] is defined by
Given any triangle with two sides as vectors X a and Y b , its area A can be calculated in terms of the bivector
In general A abcd defines a metric on bivectors: < α, β >= A abcd α ab β cd where α ab and β cd are arbitrary bivectors [12] . In background independent quantum general relativity models areas are fundamental physical quantities. In fact the area metric contains the full information about the metric up to a sign 
respectively [12] . Reisenberger has derived Riemannian general relativity by imposing the constraint that the left and right area metrics are equal. This constraint is equivalent to the Plebanski (simplicity) constraint, B ab ∧ B cd − bǫ abcd = 0. I like to take this one step further by utilizing the area metric to impose reality constraints. 
Theorem 1 The area metric being real,
is the necessary and sufficient for a non-degenerate metric to be real or imaginary.
Proof. Equation (15) is equivalent to the following:
From the last equation, the necessary part of our theorem is trivially satisfied. Let g, g R and g I are the determinants of g ab , g Then for real or imaginary metrics it can be verified that * * B ab = sgn(g)B ab as one would want. Next I would like to proceed to define a modification of the actions defined before to incorporate the area metric reality constraint.
Consider the actions defined below:
where
The field φ abcd is same as in the last section. The field q abcd is a real field with Riemann symmetric indices . The C R is the Lagrange multiplier term to impose the area metric reality constraint. Notice thatS no longer a holomorphic function of B.
The field equations corresponding to A and φ variations are the same as before for both the actions. They impose the condition B We have discussed that space-time density b is imaginary if the metric is Lorentzian and is real if the metric is Riemannian or Kleinien. So please notice that the reduced actionS after reality constraint imposed is real (imaginary) if (not) both the metric and space-time density are simultaneously real or imaginary.
Field theory of action S
Let me analyze the field equations for action S. Here q abcd need not be zero. 
where F is the scalar curvature F ab ab . I discussed before R is real or imaginary depending on whether the metric. I clearly see that this action is zero, if not both the metric and space-time density are simultaneously real or imaginary. This implies there is that there is no field equation involving the curvature F ab cd tensor other than the Bianchi identities which are a consequence of torsion freeness. Also notice that, in similar situations, the reduced action ofS is imaginary.
To understand case five, I use
b in the last discussion, I get a new reduced action,
which is zero because of the Bianchi identity ǫ abcd F abcd = 0 3 . The case of b = 0 has been analyzed in the context of Riemannian general relativity by Reisenberger [12] . In this analysis the simplicity constraint yields B (4) and ends with the following reduced actions:
where Σ I is a SU (2) Lie-algebra valued two form, A R (A L ) is right (left) handed SU (2) connection and F ′ s are their curvature two forms. This action and the analysis led to this action as done in Ref: [12] can be trivially directly generalized to complex general relativity by replacing SU (2) by SL(2, C). Now in case of b = 0 the area metric defined in terms of B ij ab is
Now the B field is no longer related to a tetrad, which means I do not have a metric defined. But I can clearly see the area metric is still defined. This means that I can still use geometry to understand the physics related to the b = 0 case. The reduced versions of actions S andS for b = 0 with simplicity constraint solved are,
b , the metrics corresponding to the self-dual and anti-self-duals of it differ by a sign. Consider equation (23) which can be written as follows:
where the superfix + (−) indicates (anti) self-dual part, the quantities are calculated from the metric from self dual of B ij ab . Since the sign of the scalar curvature changes with sign change of the metric,S(θ) is zero. This is an alternative way to understand why B ij ab = ± * θ does not correspond to general relativity, directly from its definition.
The field equations relating toŚ DG extrema are
The reality constraint requires A = 2δ IJ Σ I ⊗ Σ J be real. Such expression allows for assigning a real square of area values to the two surfaces of the manifold. The spin foam quantization of the theory of S DG without reality constraint in the case of Riemannian general relativity has been studied by Perez [18] . The spin foam quantization of the theory with reality constraint need to be studied.
Palatini Formalism with reality constraint.
Consider alternative actions of Palatini's form which uses the co-tetrads θ i instead of the bivector 2-form field as a basic variable. The Palatini actions with the reality constraint included are
where F ij is the curvature 2-form corresponding to the SO(4, C) connection A and B ab = θ a ∧ θ b . The equations of motion for theory of S P are
and forS P we have an additional equation g bd q abcd = 0. The first equation simply requires the A to be the Levi-Civita connection of the metric g ab = θ a •θ b . Manipulating equation (27) I get
where the left hand side is the Einstein tensor multiplied by b = det(θ i a ). In the case ofS P T the left hand side is zero, and so we have Einstein's equations are satisfied.
Let me discuss the field equations of S P T . The interpretation of equation (29) is same as that of various cases discussed for the Plebanski action with the reality constraint. The right hand side is purely imaginary because of the reality constraint. The left side is real if, 1) the metric is real and the signature is Riemannian or Kleinien, 2) the metric is imaginary and the signature is Lorentzian. So for these cases the Einstein tensor must vanish if b = 0, and so they correspond to general relativity. For all the other combinations and also for b = 0 the Einstein tensor need not vanish.
Reality constraint analysis for metric of all ranks
Here I analyze the area metric reality constraint for a metric g ac of arbitrary rank and for all dimensions, with the area metric defined as
Let the rank of g ac be r. Let me prove the following theorem. Let me prove this separately for the cases r ≥ 2 and r = 1.
Case 9
If rank r of g ac is ≥ 2, then the area metric reality constraint implies the metric is real or imaginary.
The area metric reality constraint implies 
for some µ c and ν c to satisfy the reality constraint. But since the rank of g ac is one, g ac = λ a λ b for some complex λ a . Let α a and β a be the real and imaginary parts of λ a . Then
For equation (32) to agree with equation (31) I must have α a = τ β a , for some real τ 4 . Using this result in equation (32), I can conclude that g ac is ultimately must of the form g ac = ηα a α b for some complex η = 0 and real non-zero covector α a .
6 Comments on Quantization.
In this article I have analyzed the central idea of area metric reality constraint. This analysis has significant consequences for spinfoam quantum theory of general relativity, which has been discussed in Ref: [11] . The quantizations of real actions discussed in this article corresponds to Barrett-Crane models. The application of this work to canonical quantum general relativity is in preparation.
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Riemann symmetric Tensor Expansion (tensorial)
Consider a tensor R abcd which has the symmetries of the indices of the Riemann Curvature tensor. In this appendix I would like to briefly summarize the spinorial decomposition of R abcd , because it is critical for understanding the analysis of complex general relativity. The expansion of R abcd in terms of the left handed and right handed spinorial free components is R abcd = R ABCD ǫÁBǫĆD + RÁBĆDǫ AB ǫ CD + R ABĆD ǫÁBǫ CD + RÁB CD ǫ AB ǫĆD.
(33) The R ABCD and RÁBĆD are independent of each other, and R ABĆD = RĆD AB because of the exchange symmetry. The first and last terms can be expanded into a spin two and spin zero tensors as follows:
where X = The R DBB ′ D ′ = − 1 2 R bd is the trace free Ricci tensor R bd = g ac R abcd − 1 4 g bd R, which has nine free components. The R = T r(R∆) is the scalar curvature. The S =T r(RΠ) can be referred to as the pseudo scalar curvature changes sign under the orientation of space-time. It vanishes for the Riemann curvature tensor as it corresponds to a torsion free connection. For an arbitrary curvature tensor, in terms of torsion the pseudo-scalar component is
where D is the exterior space-time covariant derivative, T is the torsion written as a 3-form with all of it indices lowered and anti-symmetrized. Under the action of dual operation * R = ΠR, * R Notice that the RĆD AB and R
CD AB
terms have different signs, R and S exchanged positions which properties are crucial for interpreting the field equation (5b) of Plebanski theory.
